Chemical reactions on dust grains are of crucial importance in interstellar chemistry because they produce molecular hydrogen and various organic molecules. Due to the submicron size of the grains and the low flux, the surface populations of reactive species are small and strongly fluctuate. Under these conditions rate equations fail and the master equation is needed for modeling these reactions.
The chemistry of interstellar clouds consists of reactions taking place in the gas phase as well as on the surfaces of dust grains [1] . Surface reactions include the formation of molecular hydrogen [2, 3] and reaction networks producing various organic molecules. The simulations of grain-surface chemistry are typically done using rate equation models [4, 5, 6, 7, 8] . These models consist of coupled ordinary differential equations that provide the time derivatives of the populations of the reactive species on the grains. Rate equations are highly efficient for the simulation of reactions on macroscopic surfaces. However, in the limit of small grains under low flux, rate equations fail because they ignore the discrete nature of the populations of reactive species and their fluctuations [9, 10, 11, 12, 13] .
Recently, a master equation approach for the simulation of reaction networks on small grains was proposed [14, 15] . It takes into account the discreteness and fluctuations in the surface populations of reactive species and provides accurate results for the reaction rates. For example, in the case of hydrogen recombination, its dynamical variables are the probabilities P (N) that there are N hydrogen atoms on a grain. The time derivativeṡ P (N), N = 0, 1, 2, . . ., are expressed in terms of the adsorption, reaction and desorption terms. The master equation was applied to the study of reaction networks involving multiple species that appear in models of interstellar chemistry [16, 17] . The master equation can be solved either by direct integration [14, 15] or by using a Monte Carlo (MC) method [18] .
A significant advantage of direct integration over the MC approach is that the equations can be easily coupled to the rate equations of gas-phase chemistery. However, the number of coupled equations increases exponentially with the number of reactive species, making direct integration infeasible for complex reaction networks of multiple species [16, 17] .
In this paper we introduce the multi-plane method, in which the number of equations is dramatically reduced, thus enabling the incorporation of the master equation in models of interstellar chemistry. The multi-plane method is tested by comparing its results to those obtained from the complete master equation set, showing excellent agreement. To demonstrate the method we consider a reaction network that involves three reactive species:
H and O atoms and OH molecules [11, 12, 13] . For simplicity we denote the reactive species by X 1 = H, X 2 = O, X 3 = OH, and the resulting non-reactive species by X 4 = H 2 ,
The reactions that take place in this network include H + O → OH
Consider a small spherical grain of diameter d, exposed to fluxes of H and O atoms and OH molecules. The cross-section of the grain is σ = πd 2 /4 and its surface area is πd 2 . The density of adsorption sites on the surface is denoted by s (sites cm −2 ). Thus, the number of adsorption sites on the grain is S = πd 2 s. The desorption rates of atomic and molecular species on the grain are given by 
which is approximately the inverse of the time it takes for an X i atom to visit nearly all the adsorption sites on the grain surface (up to a logarithmic correction [20] ).
In the reaction network described above, the dynamical variables of the master equation 
The terms in the first sum describe the incoming flux, where F i (atoms s −1 ) is the flux per grain of the specie X i . The probability P (.., N i , ..) increases due to adsorption of an X i atom on grains that already have N i − 1 such atoms on their surfaces, and decreases due to adsorption on grains that have N i atoms. Similarly, the second sum describes the effect of desorption. The third sum describes the effect of diffusion mediated reactions between two atoms of the same specie and the last two terms account for reactions between different species. Each reaction rate is proportional to the number of pairs of atoms of the two species involved, and to the sum of their sweeping rates. The average population size of the X i specie on the grain is
, where N i = 0, 1, 2 . . ., and i = 1, 2 or 3. The production rate per grain R(X k ) (molecules s −1 ) of X k molecules produced by the
in case that i = j.
In numerical simulations the master equation must be truncated in order to keep the number of equations finite. A convenient way to achieve this is to assign upper cutoffs
. . , J on the population sizes, where J is the number of reactive species. The number of coupled equations is thus
The truncated master equation is valid if the probability to have larger populations beyond the cutoffs is vanishingly small. However, the number of equations, N E , grows exponentially ≥ 2 for the J ′′ species that do react with themselves. Therefore,
The chemistry taking place on interstellar dust grains is dominated by hydrogen atoms for three reasons. First, hydrogen is the most abundant specie; Second, it hops on the surface much faster than other species; Third, it is the most reactive specie, namely it reacts with many other species which do not react with each other. If two species such as X 2 and X 3 do not react with each other it is not crucial to maintain the correlation between their population sizes on a grain. Therefore, the probability distribution of the population sizes can be approximated by
where P (N i /N 1 ) is the conditional probability for a population size N i of specie X i , given that the population size of X 1 atoms is N 1 .
The multi-plane method is derived as follows: inserting Eq. (3) into the master equation
(1), we trace over N 3 , using the fact that N 3 P (N 3 /N 1 ) = 1 and N 3Ṗ (N 3 /N 1 ) = 0. We 4 obtain the following set of equations:
where
. A similar procedure for tracing over N 2 yieldṡ
The production rates of the non-reactive species X 4 , X 5 and X 6 are given by N 2 ), where i = 1, 2, and R(X 6 ) = (A 1 + N 3 ). The desorption rate of the reactive specie X 3 is given by The simulations presented here were done for spherical grains on which the density of adsorption sites is s = 5 × 10 13 (sites cm −2 ), at a grain temperature of T = 10 K. The activation energies for diffusion and desorption of the reactive species H, O and OH were taken as E 0 (1) = 22, E 1 (1) = 32, E 0 (2) = 25, E 1 (2) = 32 and E 0 (3) = 28, E 1 (3) = 35 meV, respectively. The parameters for hydrogen are rounded values in the range of experimental results on silicate and ice surfaces [19] . For the other species no concrete experimental results are available and the chosen values reflect the tendency of heavier species to be more 5 strongly bound to the surface. The flux of H atoms on a grain of S sites was taken as
, and the flux of O atoms was F 2 = 0.01F 1 . These parameters are suitable for dense molecular clouds where such reaction networks are likely to take place. For simplicity, the OH flux was neglected, taking F 3 = 0. In Fig. 1 we present the production In a complex reaction network of J reactive species, X i , i = 1, . . . , J, the distribution of surface populations is given by P (N 1 , . . . , N J ). If the only reactions are of the form (2) to
namely to a linear dependence on the number of reactive species. In case that there is also a reaction between two different species X j + X k → X p , where j, k = 1, the three dimensional set of equations for P (N 1 , N j , N k ) should be included in order to keep track of the correlations between these species. The reaction network can be described by a graph in which the nodes represent the reactive species, and any two species that react are connected by an edge. In general, each set of multi-plane equations is associated with a maximal fully-connected subgraph, namely with a maximal set of nodes which are all connected to each other. Chemical networks tend to be sparse, namely most pairs of species do not react.
Therefore, the multi-plane equations mostly consist of sets that invlove pairs of species and only few sets with three species or more.
As an example, consider the case in which CO molecules are added to the H, O, OH system considered above [16] . This gives rise to the following sequence of hydrogen addition
. Two other reactions that involve oxygen atoms also take place: O + CO → CO 2 (X 2 + X 7 → X 12 ) and
. This reaction network is described by the graph shown in Fig. 2 . To account for the correlations between the populations of all pairs of species that react with each other, the multi-plane approach yields five sets of equations that account for P (N 1 , N 3 ), P (N 1 , N 9 ), P (N 1 , N 10 ), P (N 1 , N 2 , N 7 ) and P (N 1 , N 2 , N 8 ). The first three sets reside on planes while the last two sets are three dimensional sets that are needed in order to account for the correlations between the species that form CO 2 . Since the production of CO 2 is low compared to other products, one may consider an approximation in which these correlations are neglected, reducing the equations into only planar sets. In this case the set of equations will include:
P (N 1 , N 9 ) and P (N 1 , N 10 ).
In the simulations presented here the activation energies for diffusion and desorption of CO, HCO, H 2 CO and H 3 CO were taken as E 0 (7) = 30, E 1 (7) = 36, E 0 (8) = 30, E 1 (8) = 38, E 0 (9) = 33, E 1 (9) = 39 and E 0 (10) = 35, E 1 (10) = 41 meV, respectively. The flux of CO molecules was taken as F 7 = 0.001F 1 . In Fig. 3 we present the production rates per 
